Let b be a Borel subalgebra of a simple Lie algebra g. Let Ab denote the set of all Abelian ideals of b. It is easily seen that any a ∈ Ab is actually contained in the nilpotent radical of b. Therefore a is determined by the the corresponding set of roots. More precisely, let t be a Cartan subalgebra of g lying in b and let ∆ be the root system of the pair (g, t). Choose the system of positive roots, ∆ + , so that the roots of b are positive. Then a = ⊕ γ∈I g γ , where I is a suitable subset of ∆ + and g γ is the root space for γ ∈ ∆ + .
Let A be the fundamental alcove of W . Cellini and Papi show that w ∈ W is minuscule if and only if w −1 ·A ⊂ 2A . Since 2A consists of 2 rk g alcoves and W acts simply transitively on the set of alcoves, Peterson's theorem follows.
In this paper, we first show that methods of [1] can be adapted to solving the following problems:
Suppose g has two root lengths.
•
describe (enumerate) the Abelian ideals such that the corresponding set I consists only of long roots (such Abelian ideals are said to be long); • give a characterization of the corresponding (= long) minuscule elements.
Write Ab l (resp. M l ) for the set of long Abelian ideal (resp. long minuscule elements). We give a uniform answer to both problems. Let d > 1 be the ratio of squares of root lengths and a the number of long simple roots. Then
To obtain a characterisation of the long minuscule elements, we consider a certain simplex and only if any reduced decomposition of w contains no short simple reflections (we say that a reflection is short, if it corresponds to a short root). We also describe the rootlets of long Abelian ideals. Second, we show that the theory of long Abelian ideals is closely related to describing of commutative subalgebras in the isotropy representations of some symmetric spaces. Let θ be the highest root and θ s the short dominant root of ∆ + . Write V(λ) for the g-module with highest weight λ. Assume that |θ| 2 /|θ s | 2 = 2, i.e., we exclude the case of G 2 . Theñ g = g ⊕ V(θ s ) has a structure of a Z 2 -graded Lie algebra, so that it makes sense to speak about commutative subalgebras of V(θ s ). In Section 3, we prove that there is a natural one-to-one correspondence between the b-stable commutative subalgebras of V(θ s ) and the long Abelian b ∨ -ideals in g ∨ . Here g ∨ is the Langlands dual Lie algebra for g.
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NOTATION AND OTHER PRELIMINARIES
(1.1) Main notation. ∆ is the root system of (g, t) and W is the usual Weyl group. For α ∈ ∆, g α is the corresponding root space in g.
∆ + is the set of positive roots and ρ = 1 2 ∑ α∈∆ + α. Π = {α 1 , . . . , α p } is the set of simple roots in ∆ + . ϕ 1 , . . . , ϕ p are the fundamental weights corresponding to Π.
Rα i and denote by ( , ) a W -invariant inner product on V . As usual, µ ∨ = 2µ/(µ, µ) is the coroot for µ ∈ ∆. Letting V = V ⊕ Rδ ⊕ Rλ, we extend the inner product ( , ) on V so that (δ,V ) = (λ,V ) = (δ, δ) = (λ, λ) = 0 and (δ, λ) = 1. ∆ = {∆ + kδ | k ∈ Z} is the set of affine real roots and W is the affine Weyl group.
is the set of positive affine roots and Π = Π ∪ {α 0 } is the corresponding set of affine simple roots. Here α 0 = δ − θ, where θ is the highest root in 
Our convention concerning N(w) is the same as in [3] , [7] but is opposite to that in [1] , [2] . an Abelian ideal will be identified with the respective set of roots. That is, I is said to be an Abelian ideal, too. We also say that a is a geometric Abelian ideal, while I is a combinatorial Abelian ideal. In the combinatorial context, the definition of an Abelian ideal can be stated as follows. I ⊂ ∆ + is an Abelian ideal, if the following two conditions are satisfied:
(a) for any µ, ν ∈ I, we have µ + ν ∈ ∆; (b) if γ ∈ I, ν ∈ ∆ + , and γ + ν ∈ ∆, then γ + ν ∈ I.
Following D. Peterson, an element w ∈ W is said to be minuscule, if N(w) is of the form {δ − γ | γ ∈ I}, where I is a subset of ∆ + . It was shown by Peterson that such an I is a combinatorial Abelian ideal and, conversely, each Abelian ideal occurs in this way, see [1, Prop. 2.8], [3] . Hence one obtains a one-to-one correspondence between the Abelian ideals of b and the minuscule elements of W . The set of minuscule elements in W is denoted by M . If w ∈ M , then we write I w (resp. a w ) for the corresponding combinatorial (resp. geometric) Abelain ideal. That is,
Conversely, given I ∈ Ab, we write w I for the respective minuscule element. Notice that
Throughout the paper, I or I w stands for a combinatorial Abelian ideal.
LONG MINUSCULE ELEMENTS AND LONG ABELIAN IDEALS
From now on, we assume that ∆ + has two root lengths. To distinguish different objects related to long and short roots, we use the subscripts 'l' and 's'. For instance, Π l is the set of long simple roots and ∆ + l is the set of long positive roots. Accordingly, each simple reflection s i is either short or long. Since θ is long, the reflection s 0 is regarded as long. Write θ s for the unique short dominant root in ∆ + .
We say that I ∈ Ab is long, if I ⊂ ∆ 
It is clear that A s is a union of (finitely many) alcoves and it contains A .
Proposition.
Let w ∈ W be a minuscule element. We have I w ∈ Ab l if and only if
Proof. We use the following result proved in [1, 1.1]:
We also know that w −1 ·A ⊂ 2A , since w ∈ M . It follows that the number of long Abelian ideals is equal to the number of alcoves that fit in A s . In other words,
Consider the dual root system ∆ ∨ . We have {α ∨ | α ∈ Π} is a set of simple roots, θ ∨ s is the highest root in ∆ ∨ , and
On the other hand, the collection of the coefficients of the highest root in ∆ ∨ is the same as in ∆. Hence
and we are done.
Corollary.
The number of long Abelian ideals equals: 2 p−1 for so 2p+1 ; 2 for sp 2p ; 4 for F 4 ; 3 for G 2 .
In [7] , we introduced the notion of the rootlet of an Abelian ideal. Let 
As the last case is impossible in the minuscule situation (for, we would obtain a root which is not in ∆ + ), the induction step is complete.
'⇐' Assume that a reduced decomposition of w contains a short reflection. Then the first occurrence of short reflections will certainly reduce some short simple root coefficients of the current rootlet. It is conceivable that a consequent occurrence of short reflections would restore the previous coefficients of the short simple roots. However, it is not possible in view of [7, Corollary 3.3] . Thus, the reduced decompositions of w cannot contain short simple reflections.
In [7] , we studied the poset structure of the fibres of the mapping τ : Ab \ {∅} → ∆ + l that takes a non-trivial Abelian ideal to its rootlet. By the previous proposition, we have the set of non-trivial long Abelian ideals is the union of fibres of this mapping.
Examples.
We use the notation and numbering of roots as in [9, Tables] . 1. g = sp 2p . Here θ = 2ε 1 = 2ϕ 1 and θ s = ε 1 + ε 2 = ϕ 2 . Normalize the bilinear form ( , ) so that (ε i , ε i ) = 1. Then A has the vertices ε 1 , ε 1 + ε 2 , . . ., ε 1 + ε 2 + . . . + ε p , whereras A s has the vertices 2ε 1 , ε 1 + ε 2 , . . . , ε 1 + ε 2 + . . . + ε p . The unique non-trivial long Abelian ideal is {θ}.
2. g = so 2p+1 . Here θ = ε 1 + ε 2 = ϕ 2 and θ s = ε 1 = ϕ 1 . The unique maximal long Abelian ideal consists of the roots {ε i + ε j | 1 ≤ i < j ≤ p}. The only generator is ε p−1 + ε p . The corresponding rootlet is also ε p−1 + ε p = α p−1 + 2α p .
3. g = F 4 . Here θ = 2α 1 + 4α 2 + 3α 3 + 2α 4 = ϕ 4 and θ s = 2α 1 + 3α 2 + 2α 3 + α 4 = ϕ 1 . The non-trivial long Abelian ideals appear in the first three rows of Table 1 in [7] . The unique maximal long Abelian ideal is {θ, θ − α 4 , θ − α 4 − α 3 }.
4. g = G 2 . The non-trivial long Abelian ideals are {3α 1 + 2α 2 }, {3α 1 + 2α 2 , 3α 1 + α 2 }.
LONG ABELIAN IDEALS AND LITTLE ADJOINT REPRESENTATIONS
In this section, we elaborate on a relationship between long Abelian ideals and commutative subalgebras in the isotropy representations of some symmetric spaces.
We still assume that g has two root lengths. Then the g-representation with highest weight θ s is said to be little adjoint. The corresponding g-module is denoted by V(θ s ). The properties of the g-module V(θ s ) are similar to that of g = V(θ). For instance, the set of nonzero weights of V(θ s ) is ∆ s ; the dimension of the zero-weight space is #(Π s ) and each weight space corresponding to µ ∈ ∆ + s is one-dimensional, see [6, 2.8] . From now on, we stick to the case, where
is the isotropy representation of a symmetric space; more precisely,
has a natural structure of Z 2 -graded simple Lie algebra. The following table shows all possibilities for θ s andg.
Hence, given a subspace a ⊂ V(θ s ), it makes sense to say that it can be a commutative subalgebra (ofg).
The problem of describing Abelian b-ideals can be generalized to the setting of Z 2 -graded Lie algebras as follows: The interest of commutative subalgebras in V is explained by the fact that if dim a = k, then the corresponding decomposable k-vector in ∧ k V is an eigenvector a Casimir element of h whose eigenvalue is maximal possible (and equal k/2); the converse is also true, see [5, Sect. 4] . I do not think that an answer to the above problem can be given in a uniform way (see also examples below). But, for Z 2 -gradings connected with little adjoint representations, there is a reasonably nice description.
Let g ∨ denote the Langlands dual Lie algebra for g, i.e., the root system of g ∨ is ∆ ∨ . We have (∆ + ) ∨ is a set of positive roots in ∆ ∨ . Write b ∨ for the respective Borel subalgebra of g ∨ . Notice that (∆ + l ) ∨ = (∆ ∨ ) + s and V(θ ∨ ) is the little adjoint module for g ∨ . Given a set S of short roots in ∆ ∨ , we write a(S) for the respective subspace of V(θ ∨ ).
Proof.
It follows from [5, Prop. 4.9 ] that a has no zero weight and a = a(S) for some S lying in an open halfspace of V . However, if −µ ∨ ∈ S for some µ ∈ (∆ + l ) ∨ , then the b ∨ -invariance of a implies that it has a nonzero component in the zero-weight space of V(θ ∨ ).
The following result asserts that there is a bijection between the long Abelian b-ideals in g and the b ∨ -stable commutative subalgebras of V(θ ∨ ).
Theorem.
Proof. '⇐' 1. Suppose µ ∈ I, β ∈ ∆ + , and µ ∨ + β ∨ ∈ ∆ ∨ .
-If β is long, then µ ∨ + β ∨ = (µ + β) ∨ ∈ I ∨ .
-If β is short, then µ + β ∈ I is a short root, which is impossible. Thus, the space a(I ∨ ) is b ∨ -stable. 2. Let µ, β ∈ I and assume that µ ∨ + β ∨ ∈ ∆ ∨ . Since I is Abelian, we have µ + β ∈ ∆. Then µ + β = 2γ, where γ ∈ ∆ s . Therefore (µ, β) = 0 and (µ, γ) = (β, γ) > 0. Hence γ − µ, γ − β ∈ ∆ s and (γ − µ) + (γ − β) = 0. Because one of these roots is positive, we conclude that γ ∈ I ∩ ∆ s . This contradiction proves that µ ∨ + β ∨ ∈ ∆ ∨ , i.e., a(I ∨ ) is a commutative subalgebra.
'⇒' The argument is similar. One has only use the following property of this Z 2 -grading:
Since (so 2p+1 ) ∨ = sp 2p and F ∨ 4 = F 4 , we see that the number of b-stable commutative subalgebras is equal to One should not think, however, that ifĥ = h ⊕ V is a Z 2 -grading, then the number of b(h)-stable commutative subalgebras of V is always a power of 2. 2. Ifĥ = sl 2p+1 and h = so 2p+1 , then the number of such commutative subalgebras is 2 p+1 − 1.
Remark.
In the previous exposition the case of g = G 2 is omitted, and the reason is that the little adjoint G 2 -module is associated with a certain Z 3 -grading. Namely, there is an automorphism σ of order 3 of so 8 such that the fixed-point subalgebra is G 2 and two other eigenspaces of σ are little adjoint G 2 -modules. That is, 
